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Let D be the ring of integers of a number ﬁeld K , P a prime of D
for which q = |D/P D| is ﬁnite, νP the corresponding valuation
of K and E a homogeneous subset of D with respect to P , i.e.
a set with the property E = E + P D for some positive integer .
Also let Int(E, D) denote the ring of polynomials in K [x] which
take values in D when evaluated at points of E . The characteristic
sequence of E with respect to P is the sequence of integers {α(n) =
νP (In): n = 1,2,3, . . .} where In is the fractional ideal formed by 0
and the leading coeﬃcients of elements of Int(E, D) of degree  n.
In this paper we give a recursive method for computing the limit
limn→∞ α(n)/n for any homogeneous set, apply it to the special
case of the homogeneous sets Z \ P Z ⊆ Z for  = 1,2,3, . . . , and
show that in general the possible values of this limit as E ranges
over all possible homogeneous subsets are dense in the interval
(1/(q − 1),∞). We also apply this method to certain inﬁnite
unions of homogeneous sets and obtain formulas for these limits
as regular continued fractions.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let D be the ring of integers in a number ﬁeld K , E an inﬁnite subset of D and Int(E, D) the ring
of integer-valued polynomials on E , i.e., Int(E, D) = { f (x) ∈ K [x] | f (E) ⊆ D}. The n-th characteristic
ideal, In , of Int(E, D) is the fractional ideal formed by 0 and the leading coeﬃcients of all polynomials
in Int(E, D) of degree  n. If P is a prime in D then the characteristic sequence of E [5, p. 241] is
the sequence of P -adic values {αE (n) = νp(In): n = 1,2,3, . . .}. In a recent paper [3] the asymptotic
behavior of {αE(n)/n: n = 1,2,3, . . .} was studied and, if q = D/P D is ﬁnite, a formula was given in
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2934 K. Johnson / Journal of Number Theory 129 (2009) 2933–2942terms of q for limn→∞ αE(n)/n in the case E = D \ P2D = {x ∈ D | x ≡ 0(P2)}. In this paper we give
a recursive method for computing this limit for any set E which is homogeneous with respect to P ,
i.e., any set with the property that there exists  > 0 such that E = E + P D . We then apply this to
compute the values these limits for the sets D \ P D for all . We also study the possible values these
limits may take on homogeneous sets in general and show that these values are dense in the interval
(1/(q − 1),∞). In a ﬁnal section we apply this method to compute these limits for certain inﬁnite
unions of homogeneous sets and in some cases obtain formulas for the limits as regular continued
fractions.
2. Shuﬄes and limits
For a ﬁxed prime, P , the characteristic sequence of E coincides with the P -sequence of E as
deﬁned in [1,2] which we now recall:
Deﬁnition 1. A P -ordering of a set E ⊆ D is a sequence {ai: i = 0,1,2, . . .} ⊆ E with the property that
for each n the element an is chosen to minimize νp(
∏n−1
0 (a− ai)) over a ∈ E . The P -sequence of E is
the sequence of P -adic valuations {νP (∏n−1i=0 (an − ai)): n = 1,2,3, . . .}.
It is the case, although not obvious, that the P -sequence of E is well deﬁned, i.e. independent of
the choice of P -ordering. That it agrees with the characteristic sequence of E is Theorems 1 and 12
of [1]. We will use the notation αE(n) to denote the P -sequence of E ⊂ D . P -sequences have the
following properties:
Lemma 2.
(a) If r ∈ D and {ai} is a P -ordering of E then the subsequence of {ai} consisting of those ai ≡ r (mod P ) is a
P -ordering of E ∩ (r + P D) and the corresponding subsequence of the P -sequence of E is the P -sequence
of E ∩ (r + P D).
(b) If r ≡ s (mod P ) then the P -sequence of (E ∩ (r + P D)) ∪ (E ∩ (s + P D)) is the disjoint union of the
P -sequences of E ∩ (r + P D) and E ∩ (s + P D) sorted into nondecreasing order.
(c) If r ∈ D and {αE(n): n = 1,2,3, . . .} is the P -sequence of E then it is also the P -sequence of r + E =
{r + e: e ∈ E} and the P -sequence of P · E = {P · e: e ∈ E} is {n + α(n): n = 1,2,3, . . .}.
Proof. (a) is Lemma 3.4 of [4], (b) and (c) are Lemma 3.5 and Lemma 3.3 respectively of [7]. 
We make the following deﬁnitions in order to make the combination of sequences in (b) above
explicit:
Deﬁnition 3.
(a) A shuﬄe is a pair of increasing maps φ,ψ :N → N such that φ(N) ∩ ψ(N) = ∅ and φ(N) ∪
ψ(N) = N.
(b) If α,β :N → N are sequences and (φ,ψ) is a shuﬄe then the (φ,ψ)-shuﬄe of α and β is the
sequence γ with γ (φ(n)) = α(n) and γ (ψ(n)) = β(n).
Proposition 4. If α and β are nondecreasing, unbounded sequences then there is a shuﬄe (φ,ψ) such that
the (φ,ψ)-shuﬄe of α and β is nondecreasing. The resulting sequence is independent of the choice of shuﬄe.
Proof. For n a positive integer we will use the notation 〈n〉 to denote the set of integers between 1
and n inclusive and will let 〈0〉 denote the empty set. φ and ψ can be constructed inductively as
follows: If α(1) < β(1) then let φ(1) = 1, otherwise let ψ(1) = 1. If φ,ψ have been deﬁned on 〈n〉
and 〈m〉 respectively with disjoint images and with the union of their images equal to 〈m + n〉 and
if α(n + 1) < β(n + 1) let φ(n + 1) = n + m + 1, otherwise let ψ(m + 1) = n + m + 1. This deﬁnes
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are deﬁned on all of N. The uniqueness of the resulting sequence follows from the fact that the only
choices in the construction of (φ,ψ) occur at points were α and β have equal values. 
Deﬁnition 5. The sequence constructed from α and β in the previous proposition will be denoted
α ∧ β .
Lemma 6. Any shuﬄe (φ,ψ) which realizes α ∧ β has the properties
max
{
m
∣∣ β(m) < α(n)} φ(n) − nmax{m ∣∣ β(m) α(n)},
max
{
m
∣∣ α(m) < β(n)}ψ(n) − nmax{m ∣∣ α(m) β(n)}.
Proof. Since each term in α ∧ β is from either α or β and since α ∧ β is nondecreasing all β(m)’s
with β(m) < α(n) must occur before α(n) and no β(m) with β(m) > α(n) can occur before α(n)
which gives the inequality for φ(n) − n. Switching α and β gives the inequality for ψ(n) − n. 
Proposition 7. If α,β are nondecreasing unbounded sequences with
lim
n→∞
α(n)
n
= a > 0 and lim
n→∞
β(n)
n
= b > 0
then
lim
n→∞
(α ∧ β)(n)
n
= (a−1 + b−1)−1.
Proof. Let (φ,ψ) be a shuﬄe realizing α ∧ β . Since
(α ∧ β)(m)
m
=
⎧⎨
⎩
α(n)
φ(n) ifm = φ(n),
β(n)
ψ(n) ifm = ψ(n).
It suﬃces for us to show that limn→∞ α(n)/φ(n) and limn→∞ β(n)/ψ(n) both exist and both have the
value (a−1 + b−1)−1. For this it suﬃces to compute limn→∞ φ(n)/n, limn→∞ ψ(n)/n and for this the
inequalities in the previous lemma are relevant. If we denote
γ (y) = max{m ∣∣ α(m) y}
then the second of those inequalities becomes
n + γ (β(n) − 1)ψ(n) n + γ (β(n)).
The sequence {γ (n): n = 1,2,3, . . .} is nondecreasing and, if α(k − 1)  y < α(k), has the property
α(γ (y)) = α(k − 1). Therefore for such y we have
0 y − α(γ (y))
y
 α(k) − α(k − 1)
α(k − 1)
and so
lim
y→∞
y − α(γ (y)) = 0
y
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lim
k→∞
α(k) − α(k − 1)
α(k − 1) = limk→∞
α(k)/k − α(k − 1)/k
α(k − 1)/k =
a − a
a
= 0.
Thus we have limy→∞ α(γ (y))/y = 1.
We therefore can compute
1
a
= lim
k→∞
n
α(k)
= lim
k→∞
γ (k)
α(γ (k))
= lim
k→∞
γ (k)/k
α(γ (k))/k
= lim
k→∞
γ (k)
k
and
b
a
= lim
k→∞
β(k)
k
· lim
k→∞
γ (β(k))
β(k)
= lim
k→∞
γ (β(k))
k
.
Similarly
b
a
= lim
k→∞
(β(k) − 1)
k
lim
k→∞
γ (β(k) − 1)
β(k) − 1 = limk→∞
γ (β(k) − 1)
k
and so
lim
n→∞
ψ(n)
n
= 1+ b
a
from which it follows that
lim
n→∞
β(n)
ψ(n)
= lim
n→∞
β(n)/n
ψ(n)/n
= b
1+ b/a =
(
a−1 + b−1)−1.
Deﬁning a sequence analogous to γ for α and performing a similar calculation with α,β reversed
yields
lim
n→∞
α(n)
φ(n)
= (a−1 + b−1)−1
as required. 
Corollary 8. If α,β are nondecreasing unbounded sequences with
lim
n→∞
n
α(n)
= a > 0 and lim
n→∞
n
β(n)
= b > 0
then
lim
n→∞
n
(α ∧ β)(n) = a + b.
Corollary 9. If S is a ﬁnite set and {αs(n): n = 1,2,3, . . .} is a nondecreasing unbounded sequence for each
s ∈ S and if limn→∞ αs(n)/n = as > 0 for each s ∈ S then
lim
n→∞
(
∧
s∈S αs(n))
n
=
(∑
s∈S
a−1s
)−1
.
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limn→∞ αE∩(r+P D)(n)/n = ar > 0 then αE , the characteristic sequence of E, has the property
lim
n→∞
αE(n)
n
=
( ∑
r∈D/P D
E∩(r+P D) =φ
a−1r
)−1
.
3. Limits of characteristic sequences
In general the limit formula in Corollary 10 does not give an algorithm for computing
limn→∞ αE(n)/n since it may happen that the limits limn→∞ αE∩(r+P D)(n)/n are no more computable
than limn→∞ αE(n)/n is. If, however, E is a homogeneous set with E + P D = E then E has a decom-
position of the form
E =
⋃
i
(
di + P D
)
where the di ’s are a collection of representatives of some of the distinct cosets modulo P  . The charac-
teristic sequence of each of the sets di + P D can be computed using Lemma 2(c), and so Corollary 10
can be used to compute the limits for the subsets E ∩ (r + P j D) for r ∈ D/P j D , j =  − 1,  − 2, . . . .
A particular case of interest is the family of sets D \ P D . Each of these has the decomposition
D \ P D =
( ⋃
(r,P )=1
r + P D
)
∪ P · (D \ P −1D).
The characteristic sequence of D itself is αD(n) = (n −∑ni)/(q − 1) if q = |D/P D| and n =∑niqi
is the q-adic expansion of n. Since
∑
ni  (q − 1) · [logq(n) + 1] we have limn→∞ αD(n)/n =
1/(q − 1) which we denote a0. Applying Corollary 10, the limit of the characteristic sequence of⋃
(r,P )=1(r + P D) is (
∑
(r,P )=1(1+ (q− 1)−1)−1)−1 = ((q− 1)(1+ (q− 1)−1)−1)−1 = q/(q− 1)2 which
we denote a1.
Let a denote limn→∞ αD\P D(n)/n. Since characteristic sequences are super-additive the limits a
all exist by Fekete’s lemma ([6, p. 233] or [8, p. 23]). Applying Corollary 10 and the calculation above
we have:
Proposition 11. a+1 = (a−11 + (1+ a)−1)−1 .
Corollary 12.
a = 1
(q − 1)2
(
q − (q
2 − q2)
(q2 − 1)
)
.
Proof. For  = 1 this agrees with the value computed above and it is a straightforward calculation to
verify that this satisﬁes the recursive formula in Proposition 11. 
We conclude this section with two speciﬁc examples of pairs of homogeneous sets which disprove
two possible conjectures about limαE(n)/n.
Proposition 13. If D = Z, P = 2, E = (1 + 2Z) and F = (1 + 8Z) ∪ (2 + 8Z) then the sets E and F have
distinct characteristic sequences but limαE (n)/n = limαF (n)/n.
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quence is n + αZ(n). 1 + 8Z and 2 + 8Z are both translates of 8Z and so both have characteristic
sequence 3n + αZ and so F has characteristic sequence the nondecreasing shuﬄe of these. A simple
calculation of the ﬁrst few terms shows that the sequences of E and F are distinct. On the other hand
limαE (n)/n = 2 and limαF (n)/n = (1/4+ 1/4)−1 = 2. 
While these two sets have distinct characteristic sequences they are related by being P -ordering
equivalent in the sense introduced in [7]. The deﬁnition is:
Deﬁnition 14. A bijection f : E → F is a P -ordering equivalence if {ai} is a P -ordering of E if and
only if { f (ai)} is a P -ordering of F .
A characterization of P -ordering equivalent sets is given in [7, Propositions 4.2 and 4.3] and this
can be applied here (in that paper the sets involved were ﬁnite however the proofs of those two
propositions carry over directly to the general case). E = (1+ 4Z) ∪ (3+ 4Z) and F = (1+ 8Z) ∪ (2+
8Z) and all 4 of the sets in these decompositions are 2-equivalent to Z, and so to each other, by
aﬃne maps. It follows that the alignments associated to the shuﬄes that combine the characteristic
sequences of these pairs of sets to make those of E and F are both (idN, idN), hence E and F are
equivalent. A map which realizes this equivalence is the map which ﬁxes 1 and preserves the usual
orderings of E and F as subsets of Z.
Proposition 15. If D = Z, P = 2, E = {1,2,3,4,7,8} + 16Z and F = (1+ 4Z) ∪ (2+ 4Z) ∪ (4+ 8Z) then
limαE (n)/n = limαF (n)/n but E and F are not P -ordering equivalent.
Proof. By computations similar to those in the previous proof we ﬁnd that limαE (n)/n =
limαF (n)/n = 33/26. To see that these sets are not 2-ordering equivalent we again use the char-
acterization of P -ordering equivalence given in [7]. The subsets E0 = E ∩ (2Z) and E1 = E ∩ (1+ 2Z)
are translates of each other and so their characteristic sequences are identical and both strictly in-
creasing. The alignment associated to the shuﬄe that combines the characteristic sequences of E0
and E1 to make that of E is therefore (idN, idN). The subsets F0 = F ∩ (2Z) = (2+ 4Z)∪ (4+ 8Z) and
F1 = F ∩ (1+ 2Z) = (1+ 4Z) are such that limαF0(n)/n = 11/5 and limαF1(n)/n = 3. The alignment
associated to the shuﬄe of the characteristic sequences in this case cannot be (idN, idN). Hence the
sets E and F are not 2-ordering equivalent. 
4. The density of values of limn→∞ αE (n)/n
It is natural to ask what values limn→∞ αE(n)/n might take as the prime P and homogeneous
set E vary. For this it is somewhat easier to analyze limn→∞ n/αE(n) and so we make the following
deﬁnition:
Deﬁnition 16. If E ⊆ D and αE(n) is the characteristic sequence of E let us denote lim(E) =
limn→∞ n/αE (n).
The collection of all homogeneous subsets of D is ﬁltered by the exponent  with respect to which
the set is homogeneous:
Deﬁnition 17.
H =
{
E ⊆ D: E + P D = E},
H =
⋃

H.
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form an increasing chain:
· · · H−1 ⊂ H ⊂ H+1 ⊂ · · · ⊂ H .
Deﬁnition 18.
L =
{
lim(E): E ∈ H
}
,
L =
⋃

L.
Deﬁnition 19. Let T :R+ → R+ denote the function T (x) = x/(x+1) and extend this to subsets of R+
by applying it to each element of the given subset.
Proposition 20.
L+1 =
q⋃
k=1
(+ kT (L))
where for a set S we denote by + k S the k-fold sum of the set S with itself.
Proof. Suppose that E ∈ H+1 and let Er = E∩(r+ P D) for each r ∈ D/P D . lim(E) =∑ lim(Er) where
the sum is over all r ∈ D/P D for which Er is not empty. Each nonempty Er is a translate by r of a
set of the form P E ′ with E ′ ∈ H hence the characteristic sequence of Er is equal to n + α(n) if α(n)
is the characteristic sequence of E ′ . It follows that lim(Er) = T (lim(E ′)) and so that lim(E) is a sum
of values of T at most q elements of H . 
We thus have H0 = {D}, L0 = {q − 1}, T (q − 1) = (q − 1)/q and L1 = {k(q − 1)/q: k = 1, . . . ,q}.
Proposition 21. L is dense in (0,q − 1).
Proof. Each L is a ﬁnite subset of Q and so is ordered. We may deﬁne gap(S) for any ﬁnite subset
of S ⊂ Q to be the size of the largest open subinterval of (min(S),max(S)) which is disjoint from S .
It suﬃces for us to show that lim→∞ gap(L) = 0 since max(L) = q − 1 for all  and a simple
calculation shows min(L) = (q − 1)/(1 + (q − 1)). We will see that the second smallest element
of L is 2(q − 1)/(1 + (2 − 1)(q − 1)). We claim that the interval between these two points realizes
gap(L) and prove this by induction on . This is clear for  = 1. L+1 is formed from L as a sum
of elements of T (L) and it is clear that for any set S that gap(S + S)  gap(S). Thus gap(L+1) 
gap(T (L)). Since T has its derivative positive and strictly decreasing and since gap(L) is realized
between the smallest and second elements of L the same will be true of T (L). These elements
are T ((q − 1)/(1 + (q − 1))) = (q − 1)/(1 + ( + 1)(q − 1)) and T (2(q − 1)/(1 + (2 + 1)(q − 1))) =
2(q− 1)/(1+ (2+ 3)(q− 1)). Since the second of these is less than twice the ﬁrst no element in any
sum of copies of T (L) can occur in the interval between them and so they must also be the smallest
and second elements in E+1. 
Corollary 22. The set of values limn→∞ αE(n)/n as E ranges over all possible homogeneous subsets of D is
dense in (1/(q − 1),∞).
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The formula for limn→∞ αE(n)/n coming from Corollary 10 will be a ﬁnite continued fraction for
certain homogeneous subsets of D which we now describe.
Proposition 23. Let 1 = e1 < e2 < e3 < · · · < em be a strictly increasing sequence of positive integers and, for
each 1 i m, let {d1,i,d2,i, . . . ,dni ,i} be a set of ni elements of D which are distinct modulo Pei and having
the property that for each i the elements {d j,k: i < k,1 j  nk} all lie in a single coset ci + Pei+1−1D, with ci
distinct from any of the d j,i modulo Pei . If Em =⋃1im,1 jni (d j,i + Pei D) then limn→∞ αEm (n)/n is
equal to the ﬁnite continued fraction
1
n1(q − 1)/q + 1
(e2 − e1) + 1
n2(q − 1)/q + 1
(e3 − e2) + 1
· · · + 1
nm(q − 1)/q
.
Proof. The cosets for which E ∩ (r + P D) = φ are d j,1 + P D for 1 j  n1 and c1 + P D . For each j
we have shown earlier that limn→∞ αd j,1+P D(n)/n = 1 + 1/(q − 1) = q/(q − 1). If we denote Eˆ i =⋃
i<k,1 jnk (d j,k + Pek D) then limn→∞ αE∩(c1+P D)(n)/n = limn→∞ αEˆ1 (n)/n and so by Corollary 10
lim
n→∞αE(n)/n =
( n1∑
k=1
(
q/(q − 1))−1 + ( lim
n→∞αEˆ1(n)/n
)−1)−1
= 1
n1(q − 1)/q + 1limn→∞ αEˆ1 (n)/n
.
The set Eˆ1 lies in the single coset c1 + Pe2−e1D and so by Lemma 2(c) limn→∞ αEˆ1 (n)/n is equal to
e2 − e1 + limn→∞ α(n)/n for the set (Eˆ1 − c1)/Pe2−e1 . This set satisﬁes the hypotheses of the proposi-
tion with all of the ei ’s decreased by e2 − e1, the d j,i translated by c1 and the ni ’s unchanged, hence
this procedure may be repeated yielding, after n iterations, the continued fraction in the statement of
the proposition. 
We may construct sets E whose limn→∞ α(n)/n are inﬁnite continued fractions by taking increas-
ing unions of sets of this sort. Let 1 = e1 < e2 < e3 < · · · be a strictly increasing sequence of positive
integers and, for each 0 i, let {d1,i,d2,i, . . . ,dni ,i} be a set of ni elements satisfying the condition in
the hypothesis of the previous proposition with respect to a coset ci + Pei+1−1D . Let
Em =
⋃
1im,1 jni
(
d j,i + Pei D
)
,
E¯m =
⋃
1im,1 jni
(
d j,i + Pei D
)∪ (cm + Pem D)
and
E =
⋃
1i,1 jn
(
d j,i + Pei D
)= ⋃
1m
Em =
⋂
1m
E¯m.i
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E1 ⊆ E2 ⊆ · · · ⊆ E ⊆ · · · ⊆ E¯2 ⊆ E¯1
and so
lim
n→∞αE¯1(n)/n limn→∞αE¯2(n)/n · · · limn→∞αE(n)/n
and
lim
n→∞αE(n)/n · · · limn→∞αE2(n)/n limn→∞αE1(n)/n.
Each of the sets Em and E¯m satisﬁes the hypotheses of Proposition 23 hence their limn→∞ α(n)/n are
ﬁnite continued fractions. By construction those of the Em ’s are truncations of an inﬁnite continued
fraction.
Proposition 24. If E is the set constructed above then limn→∞ αE(n)/n is the inﬁnite continued fraction
1
n1(q − 1)/q + 1
(e2 − e1) + 1
n2(q − 1)/q + 1
(e3 − e2) + · · ·
.
Proof. This continued fraction has as its 2m-th convergent limn→∞ αEm (n)/n and so by the in-
equalities above converges to a limit greater than or equal to limn→∞ αE(n)/n. In what follows we
verify that equality holds. Let us write q0,q1, . . . for the coeﬃcients of this continued fraction (thus
q0 = n1(q − 1)/q, q1 = e2 − e1, etc.) and adopt the standard notation [q0,q1, . . . ,qm] and [q1, . . . ,qm]
for the denominator and numerator of the m-th convergent of the continued fraction. Thus
lim
n→∞αEm (n)/n =
[q1, . . . ,q2m]
[q0, . . . ,q2m] =
Am
Bm
and
lim
n→∞αE¯m (n)/n =
[q1, . . . ,q2m−1,q2m + (q − 1)/q]
[q0, . . . ,q2m−1,q2m + (q − 1)/q] =
A¯m
B¯m
and so
A¯m
B¯m
 lim
n→∞αE(n)/n
Am
Bm
.
A calculation using the recurrence formula [q0, . . . ,qm] = q0[q1, . . . ,qm] + [q2, . . . ,qm] and the fact
that [q0, . . . ,qm] = [qm, . . . ,q0] shows that A¯m = Am + (q − 1)/q[q1, . . . ,q2m−1], B¯m = Bm + (q − 1)/
q[q0, . . . ,q2m−1] and so, using the fact that [q1, . . . ,qm][q0, . . . ,qm−1] − [q0, . . . ,qm][q1, . . . ,qm−1] =
(−1)m , we have
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Bm
− A¯m
B¯m
= (q − 1)/q(Am[q0, . . . ,q2m−1] − Bm[q1, . . . ,q2m−1])
Bm(Bm + (q − 1)/q[q0, . . . ,q2m−1])
= (q − 1)/q
Bm(Bm + (q − 1)/q[q0, . . . ,q2m−1]) .
This tends to 0 since the Bm ’s are monotone increasing and unbounded. 
If the ei+1 − ei ’s and ni ’s are periodic then the continued fraction will be also and so
limn→∞ αE(n)/n will be a quadratic irrational. For example if D = Z, P = 2, ei = 2i − 1, ni = 1 and
d1,i = 22(i−1) − 1 then limn→∞ αE (n)/n =
√
5− 1.
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